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MULTIPLE POSITIVE SOLUTIONS OF NONLINEAR
BOUNDARY VALUE PROBLEM WITH FINITE
FRACTIONAL DIFFERENCE

YANSHENG HE* AND CHENGMIN Hou**

ABSTRACT. In this paper, we consider a discrete fractional nonlin-
ear boundary value problem in which nonlinear term f is involved
with the fractional order difference. We transform the fractional
boundary value problem into boundary value problem of integer
order difference equation. By using a generalization of Leggett-
Williams fixed-point theorem due to Avery and Peterson, we pro-
vide sufficient conditions for the existence of at least three positive
solutions.

1. Introduction

Let R and Z be the sets of real numbers and integers, respectively.
For a,b € R,N € ZT with b = a+ N, define [a, by, = {a,a + 1,--- ,b}.
Assume that T is a given positive integer with T > 2. We consider the
fractional difference boundary value problem(briefly FBVP)

App(Ay_1z(t)))
Fqt)ft+v—1at+v—1), 3 A% 2(t) =0,t€[0,T]x,,

(1.2) (A 1x(®)]e=r41 = 0,2(v — 1) = Bo([A)_12(t)]1=¢) = 0

where v, 3 € (0,1) with 0 < 3 < v,¢,(s) = |s|P72s,p > 1,£ € [0, T]n,, AY_;
is a fractional difference operator (which will be explained in more detail
later). We give the following assumptions:
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(H1) f(t+v—1,.,.):v—1,T+v—1]y, , x[0,4+00) x R — [0, +00)
is continuous;

(H2) ¢(t) is nonnegative on [0, T)y,,¢(t) = 0 does not hold on [0, Ty,
and Ef:o q(t) < oco. Here ¢, = gp;l, 1/p+1/q=1;

(H3) By(y) is a nondecreasing and continuous odd function on (—oo, 400).
And there exists m > 0 such that 0 < By(y) < my for all y > 0.

Fixed-point theorems and their applications to nonlinear problems
have a long history, some of which is documented in Zeidler’s book
([1]). There seems to be increasing interest in multiple fixed-point the-
orems and their applications to boundary value problems for ordinary
differential equations or finite difference equations. Such applications
can be found in the papers ([2-6]). An interest in triple solutions has
evolved from the Leggett-Williams multiple fixed-point theorem ([7]).
And lately, two triple fixed-point theorems by Avery ([8]) and Avery
and Peterson ([9]) have been applied to obtain triple solutions of certain
boundary value problems for ordinary differential equations as well as
for their discrete analogues. On the other hand, fractional differential
and difference ‘operators’ are found themselves in concrete applications,
and hence attention has to be paid to associated fractional difference
and differential equations under various boundary or side conditions.
For example, a recent paper by Atici and Eloe ([10]) explores some of
the theories of a discrete conjugate FBVP. Similarly, in ([11]), a discrete
right-focal FBVP is analyzed. Other recent advances in the theory of
the discrete fractional calculus may be found in ([12-35]). In particular,
an interesting recent paper by Atici and Sengiil ([20]) addressed the use
of fractional difference equations in tumor growth modeling. Thus, it
seems that there exists some promise in using fractional difference equa-
tions as mathematical models for describing physical problems in more
accurate manners.

In order to handle the existence problem for FBVP, various methods
(among which are some standard fixed point theorems) can be used.
For example, in ([14-17]), authors investigated the existence to some
boundary value problems by fixed point theorems on a cone. In ([18]),
we established the existence conditions for a boundary value problem
by using the coincidence degree theory. In ([19]), authors given the ex-
istence of multiple solutions for a fractional difference boundary value
problem with parameter by establishing the corresponding variational
framework and using the mountain pass theorem, linking theorem, and
Clark theorem in critical point theory. To the best of our knowledge,
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Leggett-Williams fixed-point theorem has not be used in discrete frac-
tional boundary value problems. The aim of this paper is to establish
the existence conditions for boundary value problem (1.1), (1.2). The
proof relies on the Leggett-Williams fixed-point theorem.

For convenience, throughout this paper, we make the convention that

>oiria(i) =0, for m < j.

2. Preliminaries

We first collect some basic lemmas for manipulating discrete frac-
tional operators. These and other related results can be found in the
references ([3,12,20,21]).

First, for any integer (3, we let Ng = {3,384+ 1,5+ 2,...} . We define

t) = F(I;(_i—i)y), for any t and v for which the right-hand side is defined.

We also appeal to the convention that if ¢+ 1 — v is a pole of the Gamma
function and ¢ + 1 is not a pole, then t*) = 0.

DEFINITION 2.1. ([20]) The v-th fractional sum of f for v > 0 is
defined by

A I = 5 (=5 = )P 1),

for t € Ng4p. We also define the v-th fractional difference for v > 0 by
AV f(t) .= ANAY=N £(t) where t € Nyyn—_, and N € N is chosen so that
0<N-1<v<N.

DEFINITION 2.2. (][20]) Let f be any real-valued function and v €
(0,1).The discrete fractional difference operator is defined as

t+rv—1
NI = A1) = s 3 (= s = D S(s),

s=a

for t = a+ v — 1(modl).

DEFINITION 2.3. ([1]) Let X be a real Banach space. A nonempty
closed convex set P C X is called a cone of X if it satisfies the following
conditions:

(1)x € P, A > 0 implies Az € P; (2)z € P,—x € P implies z = 0.

Every cone P C X induces a partial ordering “<” on X defined by
x <yifand only if y —x € P.
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DEFINITION 2.4. ([1]) Given a cone P in a real Banach space X, a
functional v : P — R is said to be increasing on P, provided that
Y(x) < YP(y) for all z,y € P with x < y.

Let v and 6 be nonnegative continuous convex functionals on P, a be a
nonnegative continuous concave functional on P, and 1 be a nonnegative
continuous functional on P. Then for positive real numbers a, b, ¢ and d,
we define the following convex sets:

P(y,d) ={z € Ply(x) <d},

P(y,o,b,d) = {z € Pb < a(z),v(z) < d},

P(v,0,a,b,¢,d) = {x € P|b < a(x),0(z) < ¢,v(z) < d} and a closed
set R(’%u}aa?d) = {:L‘ € P|a < 7/1(@')»7(@ < d}

The following fixed-point theorem due to Avery and Peterson is fun-
damental in the proof of our main results.

LEMMA 2.5. ([3]) Let X be a Banach space and let P C X be a
cone. Let v and 6 be nonnegative continuous convex functionals on P,
« be a nonnegative continuous concave functional on P, and ¢ be a
nonnegative continuous functional on P satistying ¥ (Az) < A\p(z) for
0 < A <1, such that for some positive numbers M and d, a(z) < 1(x)
and ||z|| < M~(x) for all x € P(v,d). Suppose Q : P(,d) — P(~,d) is
completely continuous and there exist positive numbers a, b, c with a < b
such that

(S1) {z € P(v,0,a,b,¢,d)|a(z)T > b} # 0 and a(Qx) > b for x €
P(v,0,a,b,c,d);

(S2) a(Qx) > b for x € P(v,a,b,d) with 8(Qx) > ¢;

(S3) 0 &€ R(vy,%,a,d) and ¥(Qzx) < a for x € R(~,,a,d) with {(z) =
a.

Then @ has at least three fixed-points x1, 2, x3 € P(v,d) such that
v(x;) <d fori=1,2,3,
b < a(xy),Y(r3) < a,a < P(x2) with a(z) < b.

LEMMA 2.6. ([21]) Let y : Ng — R and v > 0 with N — 1 <v < N,
then

t—a-+v v
Aty = 3 -0 (f Juterv—n

T'(v+1)

14
fort € Noyn—o, Whefe( E )] = Tht)L(v—k+1)"
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LEMMA 2.7. ([21]) f : N, — R be given and suppose k € Ny and
v > 0. Then for t € Ng4,,

E
—_

Ajf(a) (t - a)(zz—k+j)'

—v Ak _ k—v
AaAf(t)_Aa f(t) F(l/—ki—|—]+1)

O

Jj=
Moreover, if 1 > 0 with M —1 < u < M, then for t € Noppr— 4,

a+M MANf(t)
M-1 M+
AT f(a+ M — p) ;
_A/“‘ v t—a— M+ (V—M"r]).
J® ]Z; v_k+jrn 0 2
LEMMA 2.8. ([21]) Let f : N, — R be given and suppose p,v > 0

with N —1 < < N. Then fort € NoppyN—p,
AL AT f(t) = ALV ().
LEMMA 2.9. ([21]) Let a € R and > 0 be given. Then
At — ) = puft — a) =D,

for any t for which both sides are well-defined. Furthermore, for v > 0,

Aa-ﬂt(t B a)( #) = M(iu) (t - a)(/er/)’ te NGH‘IH-V?
Ag—f—u(t - a)(u) = :U(V) (t - a)(H—V)’t € Na+[t+N—11-

3. Triple positive solutions

In this section, we impose growth conditions on f to obtain the triple
positive solutions for FBVP (1.1)(1.2).

We first note that by the transformation y(t) = A;Ell_y):x(t), (1.1)(1.2)
are equivalent to the following (3.1)(3.2)

(3.1)
App(Ay(t))+q(t) f(t+rv—1, x(t+v—1),440-3 Af_lac(t)) =0,t€[0,T]y,,
(3.2) Ay(T +1) = 0,5(0) — Bo(Ay(€)) =0,

where () = AY T y(t) 4105 A () =115 A AY Ty ().

From Ayp,(Ay(t)) <0 and (3.2), we may easily see y(t) > 0, Ay(t) >
0, A%y(t) < 0.

By y(t) = 8,17 a(t) = rtpy UL (E— 5 — 1)7a(s), we have
y(t) > 01if z(t) > 0.
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On the other hand, from y(t) = A;ﬁll_y):z:(t) and Lemma 2.6, 2.8, we
have

tl—v
z(t) = Ay y(t) = Z (—1)F ( 1 ; v ) ylt+1—v—k).

k=0
z(v—1) = y(0) >0,
y(1) = z(v) =y(1) - 1 -v)y(0) = vy(1),
W2 > 2+ 1) =@ - (1 - )+ DDy > )
y(t) = 2@t+v—1)=y@t)— (1 -v)yt—1)+
+(1 —v)(—v t‘ (—v—t+ 1)y(0)
v(l+v) - (t+v—1)

y(t) <z(t+v—1) <y(t),t €[0,T]n,-

Therefore, the problem (1.1)(1.2) has positive solutions if and only if the
problem (3.1)(3.2) have positive solutions.
Summing (3.1) from ¢ to T, one gets

Pp(Ay(T+1))—p(Ay(t) = —SL,q(0) f(i-+v—1, 2(i4v—1),i1-5 A)_,2(1)).
Thus,

(3.4) Ay(t) = ¢q <Eith(i)f(i +rv—LlLa(i+v—1),1,-5 Af_ﬁ(i))) .

Again summing (3.4) from 0 to ¢t — 1, it follows that

t—1
) =9(0) = X ou (L0040~ Liali 4~ Do A ja(i))
=0

Since Ay(§) = ¢q <E%F:5q(i)f(i +v—1lz(i+v—1),1,-5 Af_ﬂ:(i))),

and y(0) = Bo(Ay(£)),
one gets

0(0) = Bo (Bt v = Loali 0 = s A 12(0)) )
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(35) +Z¢q< (0 Lol v Dssu ALa(0) ).

Next, we let B = {y : [0,T + 2]y, — R} be endowed with the norm

[yl = max{[ly[loc, [[AYlloc}, Where|ly||oc = maxyciorr)y, [¥(£)]. Then
B is a Banach space. Choose the cone P C B defined by

P={ye B:y(t) >0fort € [0,T + 2]y, and A%y(t) < 0, Ay(t) >0

fort € [0, T]n,, Ay(T + 1) = 0}.

Let the nonnegative continuous concave functional «, the nonnega-
tive continuous convex functional #,, and the nonnegative continuous
functional ¢ be defined on the cone P by

Y(y) = max [Ay(t)],a(y)

(3.6) t€[0,T+1]w,
’ = i t)], =0 = t
e (@], ¢(y) = 0(y) i ly(t)]
where h = [Z32], and [z] is the greatest integer not greater than z.

Clearly, y(y) = Ay(0),9(y) = 0(y) = y(T +2), aly) = y(h).
For t € [0,T + 2]y,, defined an operator Q : P — B by

Qu(t) = Bo iy (SLeaDF -4y = 1,26+ = Datms A0 ))

(3.7)
t—1

+ 3 (on(SIa G +v- 140D A0l ).
=0
LEmMMA 3.1. Let T is defined by above equation. If y € P, then

() ( )()>0f01‘t€[O,T+1]NO,(Qy)(t)ZOfortG[O,T+2]N07
(i) A(Qy)(T +1)) =0,(Qy)(0) — Bo(AQy)(S)) =0,

)
(iii) @ : P — P is completely continuous.
(iv) Finding positive solutions of FBVP (3.1)(3.2) is equivalent to find
fixed-points of the operator () on P.
(v) Ify € P, then y(t) > 755lyllec = 7imy(T+2), fort € [0, T+ 2]y,

The proof is simple and omitted. By Lemma 3.1 and (3.6), for all
y € P(v,d) C P, the functionals defined above satisfy:

(3.8) =—=0(y) < aly) <0(y) =P(y).
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Furthermore, since

y(T' +2) — y(0)
T+ 2

< Ay(0),

we have
(3.9) |yl| = max{y(T"+ 2), Ay(0)} < (T + 2 4+ m)Ay(0).

Therefore, a(y) < ¥(y) and ||y|| < M~(y) are satisfied. Denote
T T

T T
My =Y "qi), My =g > q(i), Mz =>_ ¢g(D_ a(i)),
i=0 i=£ J=0 i=j
N = max{Mym, Ms3}.

THEOREM 3.2. Suppose (H1) — (H3) hold. In addition, assume that
there exist numbers a,b,d with0 < a < b < Tiﬂd such that the following
conditions are satisfied:

(H4) f(t+v —1,u,v) < N%g%(d) for(t,u,v) € [0,T|n, X [0,(T + 2 +
m)d] % 0,(T + 1+ m(y ~ 3))d]

(H5) f(t+v—1,u,v) > qﬁp((i;\z)b) for(t,u,v) € [h, TN, % [T, %b] X
[0, (T"+ 1+ m(y = f3))d],

(H6) f(t+v—1,u,v) < ¢p(5%) for(t,u,v) € [0,T]n, x [0,a] x [0, (T +
L+ m(y = f))d].

Then FBVP (1.1)(1.2) has at least three positive solutions x1,z2 and x3

satisfying

(3.10) e (t) = A(l)_yyl (t), .CUQ(t) = Aé_”yg(t), .Tg(t) = Aé_”yg(t),

(3.11) max  |Ay;(t)| < d, fori =1,2,3,
te[O,T-{—l}NO

3.12 b < i t)|, a t) < a,

(3.12) B ly1(2)] e lys(t)] < a

3.13 a < max t)|, with  min t)| <b.

(3.13) e |y2(t)] et |y2(2)]

Proof. By the definition of operator @) and its properties (i) — (v), it
suffices to show that the conditions of Lemma 2.5 with respect to Q.

If y € P(v,d), then ¥(y) = max;epo 1+ 1), [Ay(t)| < d. From (3.9), we
have

O < (T +2+ d.
te[&ri%mo ly(t)] < ( m)
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By Lemma 2.7-2.9, we may get

v —v —v 0 v
AGTy(t) = AT y(t) = A§ )Ay(t)+13fgy))t( D}

and
oA (t) = s AT y(1)
s Y0) 0

= t+u7ﬁA€_1A6VAy(t) Fttv-p Ay—lm

. 0) (-
= t+u—ﬁA€ Ay(t) +140-p AP Mi( b

VI (v)
1 t
- - _B_5_1\w=B-DA
O] g(ﬂrv B—s-1) y(s)
+§ES)) (v—=1)O(t +v— )19
R .
= Tw-5) 2 (t—s—1) Ay(s)
St A B Aue)
t
(t+v—p—s—1)¥0-1
< 4 v —9)
+mdF(V1_ﬁ)(t +v—p)1h),

0 <ipp A 42(t) < (T +1)d + m(v — B)d.

On the other hand, assumption (H4) and Lemma 2.1 imply that
YQy) = max [A(Qy)(t)| = [A(Qy)(0)]

te[O,T-i—l}NO

= @q (EJZT:Oq(i)f(i +rv—LlLaz(i+v—1),1-5 Ag_lx(i))>

IN
©
LS

|

©
=
&

gl
e
o
)
=

~
I
ISH

Hence, Q : P(v,d) — P(~,d).
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To check condition (S1) of Lemma 2.5, we choose yo(t) as follow for
t €0, T+ 2]y,

2b 2 | T+2 . .
— = (t — (T + 2))* + ===b, t is even;
yo(t) = (T§b2)2( ( ))2 T2 ;
It is easy to verified that yo € P(v, 60, «, b, %b, d) and a(yp) = minepy 749y,
lyo(t)| = yo(k) > b. So {y € P(,0,a,b, 52b, d)|a(y) > b} # 0.

Hence, if y € P(v,0, a, b, %b, d), then b < y(t) < %b, |Ay(t)| < d
for t € [h, T + 2]y, -

Then by (3.3), we have vTb < x(t+v—1) < %b. From assumption
(H4)(H5) and Lemma 3.1, we have

a@Q) = min (@) >~

max
te[h,T+2]n,, T + 2 te[0,7+2]n,

(Qy)(?)]

h
- T T QBO(¢q(E%F=5Q(i)f(i +v—1lz(i+v—1),4,-5 Af_lg;(i)))

3L 00g(a@) fli v — 1,2+ v — 1) g0 p AD_ (i)

h (T+2b.r N\ _ b
m(%@p(W)Eizjq(l))>—M3M3—b-

This show that condition (S1) of Lemma 2.5 is satisfied.
Secondly, from (3.8), we have

>

h
a(Qy) > me(Qy) >b

for all y € P(7y,a,b,d) with 6(Qy) > LF2b. Thus, condition (52) of
Lemma 2.5 is satisfied.

We finally show that (S3) of Lemma 2.5 holds. Clearly, as 1(0) =
0 < a, we have 0 € R(v,%,a,d). Suppose that y € R(v,,a,d) with
¥ (y) = a. Then, by (H6), we

Y(Qy) =  max [(Qy)(?)]

t€[0,7+2]n,
= Boleg(SLeq()fli+v—1,2(i+v —1)p-g Al 12(i))))
+300g (i) FGi+ v = La(i+ v — 1) Al 2(i)))
mipq(STeq(i) f(i +v = 1,a(i+ v —1)4p Al (i)

IA
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+ealen(ayp S oga(a)

a T . a T .
< mSOq(‘Pp(m))‘Pq(Ei:gCI(Z» + ‘Pq(@p(m))&:o@q(qu))
= a.
So, condition (S3) of Lemma 2.5 is satisfied. Therefore, an application of
Lemma 2.5 implies that the FBVP (3.1)(3.2) has at least three positive

solutions y1, y2 and ys satisfying (3.10)-(3.13), i.e., the FBVP (1.1)(1.2)
has at least three positive solutionsxy, zo and z3 satisfying (3.10). [

ExampLE 3.3. Consider the boundary value problem
(3.14)
A(pp(A2 5052 (0)))+f (tHr—1, 2(t+r—1),1105 A2G%52(t))) = 0, € [0, 10]x,,

(3.15) (22552 ()]i=11 = 0,2(=0.5) — [A%% ()1 = 0

Compared to (1.1), q(t) = 1,p=3,q = %,5 =1,T7 =10, Bo(v) = v and
ft+v—1,u,v)

|sin(t + v — 1)[ 4+ 50 + =55 0 <u < 500;
={ [sin(t +v —1)| + 50 + = (u—500)% + &5, 500 < u < 1000;
|sin(t + v — 1)| 450 + 75(500)* + 125+ u > 1000.

Then, FBVP (3.14)(3.15) has at least three positive solutions.

Proof. Choose a = 500,b = 1800,d = 5000,p = 3,q = 3,m =1,

by computation, we know M; = 11, My = /10, M3 = Z;go(ll —
§)2 ~ 25.78, N = Ms.

It is easy to see that 0 < a < b < 2d. And f satisfies that

250000 500
_ <5l 2V VY
flt+v—1,u,v) <51+ 115 +1500

for(t,u,v) € [0, 10]y, x [0,6500] x [0, 57500,
5002 3600 (T +2)b
~1 > 504+ —— = 21 13542 = (- )? = @p (o tm
ft+v—1,u,v) > 50+ 7= 789 > 135 (25.78) op( i )
for(t,u,v) € [6,10]y, x [(0.95)19 x 1800, 3600] x [0, 57500],
500
2 x 25.78

for(t,u,v) € [0,10]n, % [0,500] x [0,57500].
Then FBVP (3.14)(3.15) has at least three positive solutions satisfying

1
~ 21870 < 22727.27 ~ —,(d),
My

Flt+v—1,uv) <51 +40 < ( )2<94.04z¢p(%),
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(5]
(6]
(7l
(8]
(9]
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(15]
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21(t) = AFPy1 (1), 22(t) = AJPya(t), 23(t) = A Pys(2),
max  |Ay;(t)| < 5000, for i =1,2,3,

t€[0,T+1]n,
1800 < i t)l, t)| < 500,
te[rt;r}iél]NG ly1(¢)] tef&?ﬁNo |ly3(t)]
500 < max |y2(t)|,with min |ya2(t)| < 1800.
t€[0,12]y, t€[6,12]ng
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